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Long-Time Tails in a Random Diffusion Model
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Let w={w(x):xeZ?} be a positive random field with iid. distribution .
Given its realization, let X, be the position at time ¢ of a particle starting at the
origin and performing a simple random walk with jump rate w~(X,). The
process X = {X,:t>0} combined with w on a common probability space is an
example of random walk in random environment. We consider the quantities
A, =(d/d)E(X?—~M"'r) and A (w)=(d/d)E(X?—M't). Here E, is
expectation over X at fixed w and E,=[E,, u(dw) is the expectation over both
X and w. We prove the following long-time tail results: (1) lim,_, ., t%%4,=
VEIM¥2=3(d2n)¥? and (2) im, |, t%*4 (w)=Z, weakly in path space, with
{Z,:5>0} the Gaussian process with EZ,=0 and EZ,Z, = V*M**~*(d/2n)"*
(r+5)~%* Here M and ¥? are the mean and variance of w(0) under u. The
main surprise is that fixing w changes the power of the long-time tail from
dj2 to d/4. Since 4,= ME,,([w~ ' (Xy)— M~ 1[w™'(X,)— M~']), with p, the
stationary measure for the environment process, our result (1) exhibits a
long-time tail in an equilibrium autocorrelation function.

KEY WORDS: Random walk in random environment; long-time tail;
environment process, local times; spectral theorem; Tauberian theorem;
functional central limit theorem.

INTRODUCTION AND STATEMENT OF RESULTS

In Lorentz models a particle randomly moves in R or Z¢ while interacting
with a static random environment that influences its motion. One of the
physically interesting quantities is the equilibrium velocity autocorrelation
Sfunction of the particle, which is believed to decay like

E(V,V,)~ —At~%"1 (15 w) (0.1)
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with 4 >0 some model-dependent amplitude. Here E is the expectation
over motion and environment, and ¥V, is the velocity of the particle at
time ¢. Such slow decay is called a long-time tail in the physics literature.'*)

If X,={}V,ds is the displacement of the particle at time ¢ and
{V,:t=0} is a stationary process, then

Lrd\2 o,
§<E> EX?=E(V,V)) (0.2)

This shows that the long-time tail also exhibits itself as a correction to the
diffusive behavior

EX2~Dt  (t- o) (0.3)

with D the diffusion constant.

The origin of long-time tails in equilibrium autocorrelation functions
is well understood heuristically. The slow decay arises because the particle
may return to sites visited earlier and recognize the medium. This induces
a memory effect, which is governed by slowly decaying return probabilities
that are typical for diffusive motion. However, such an explanation is
rather vague, and indeed it seems to be very difficult to get mathematically
precise results in concrete models. To our knowledge, refs. 2, 3, 6, 7, and
12 are the only papers where long-time-tail results are proved rigorously.

In the present paper we study the so-called random waiting time
model.® Let

w={w(x): xe Z¢} (0.4)

be a collection of random variables with values in (0, co) and with joint
distribution p satisfying

(i) pisstationary and ergodic under translations

(i) J.W*I(O)u(dw)< 0 (0.5)

(iif) j w3(0) u(dw) < oo

The collection w is called the environment of waiting times. Given w, let

X={X,:t>0} (Xo=0) (0.6)
be the continuous-time Markov process on Z¢ with generator
11
L, f(x)=——> /() —f(x)] (0.7
Sf(x) w(x) 2dy;|y§,=1 S )
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i.e., simple random walk with jump rate w~'(X,). Then the random waiting
time model is defined as the combined process (X, w). This is an example
of random walk in random environment.

If w is distributed according to u, then the particle is not “in
equilibrium with its environment,” i.e.,

W, xowx+X) (xeZ% (0.8)

is not stationary, and neither are the increments of X,. However, if w is
drawn not from u but from u, given by

o

w(0)
du M

(W) =2 M= w(0) u(dw) (0.9)

then W, is stationary, ergodic, and even reversible (see Proposition !
below).
Our first result concerns the correction to the diffusive behavior

EX2~M't (- ) (0.10)

where E, denotes the expectation over walk and environment. To see the
connection with long-time tails, we establish the relation (see Proposition 3
below)

M7, =E, ([w ' (Xo) =M~ Iw ' (X)—-M"']) (0.11)
with
4,= d EX*-M!
= EI— #( t t)
This is the analog of (0.2) and expresses the correction to (0.10) in terms
of an equilibrium autocorrelation function. The jump intensity w™*(X,) =

W 1(0) is the analog in our model of the velocity ¥, in Lorentz models.
In Section 3 we prove:

Theorem 1. Let g be iid. and let M and V? be the mean and
variance of w(0) under p. Then

. d \
lim (924, = V2M (’2?) (0.12)

Our second result concerns what happens when w is fixed, ie., we
consider the random variable

d

At(w)=E

E, (X2—M"'1) (0.13)
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where E,, denotes the expectation over the walk given w. In Section 4, we
prove:

Theorem 2. Let u be iid. and suppose that:

(i) uw(0)=a)=1 for some a>0.
(ii) [e®® p(dw)< oo for ¢ in a neighborhood of zero.

Then we have

lim t“*4 (w)=Z, weaklyon D([e, o0),R) forall ¢>0 (0.14)

t—

where D([e, ), R) is the Skorokhod path space and {Z;:s>0} is the
Gaussian process with

EZ, =0
(0.15)

£z,z,- vipens (2T L
res 2/ (r+s)%?

The main surprise is that the powers of the long-time tails differ by a factor
2, namely, 1~ %* for fixed environment as opposed to t~%? in averaged
environment.*

Our paper is organized as follows. In Section 1 we start with defini-
tions and basic relations. In Section 2 we give a heuristic derivation of the
long-time tails. In Sections 3 and 4 we give the full proof of Theorems 1
and 2.

1. DEFINITIONS AND PRELIMINARIES

In this section we set up the model, introduce the environment
process, and establish some basic relations.

1.1. Random Walk in Random Environment
Let

Q={w:Z%> (0, )} (1.1)

4The same phenomenon was found by van Beijeren!® for a simple random walk on a
random subset of the one-dimensional lattice Z. The additional fluctuations due to the
randomness of the medium are called “Sinai fluctuations.”
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An clement of Q is called an environment of waiting times. A random
environment of waiting times is a random variable with values in © and
distribution u satisfying

(i) pis stationary and ergodic under translations

(1.2)
(ii) j w1(0) p(dw) < oo
Given we 2, define the operator L,, formally by
1
L,f(x)= ) 2d Z [f(x+e)—f(x)] (1.3)
ee Sy

where S, = {e€Z% |e| = 1} is the set of unit vectors in Z¢ Under asump-
tion (1.2)(ii), L, is p-as. the generator of a Markov process {X,:7>0}
(X,=0) on Z7 (ref. 4, p.815). The latter is called the random walk in
environment w. The interpretation of L, is the following. From position x
the walk jumps at rate w'(x), ie., has an exponential waiting time with
mean w(x). When the walk jumps it goes to one of the nearest neighbor
sites x + e with equal probability 1/24.

Let P, denote the path space measure associated with L,,. Define the
random walk in random environment y as the process {X,:t>0} on Z¢
(X, =0) with path space measure

- J P, u(dw) (14)

1.2. Simple Random Walk (SRW)

If w(x)=1 for all xeZ? then L, is the generator of the simple random
walk with transition probabilities

ple )= L e ) (15)
where .
Polx, ) =96,
plx, y)=1/2d if y=x+e forsome eeS,
=0 otherwise (1.6)

prx )= plxz)p" 'z y) (n22)

zeZd
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Since this process plays an important role in what follows, we give it a
separate notation, namely {X,:7>0} (¥,=0). The associated path space
measure is denoted by P.

1.3. Environment Process (EP)

The environment process plays an important role in the study of par-
ticle systems in random media.*’ In our setting this is the process of
environments of waiting times as seen from the position of the walk.

More precisely, for we Q and aeZ4 let t,w be the configuration w
shifted by a, ie., t,w(x)=w(x+a). The EP associated with {X,:t>0} is
defined as the process {W,:1>0} on Q given by

W,=1xw (1.7)
This has generator
1 1
Lf(w):mﬂeg, [f(zew)—f(w)] (1.8)

(ref. 4, p. 817). With a slight abuse of notation we shall use the symbol P,
to denote the path space measure of the EP given w.

1.4. Independent Environment Process (IEP)

It will turn out to be important to also consider the independent
environment process {W(t):1>=0} on Q given by

W,:r;(,w (1.9)

ie, the process of environments of waiting times as seen from an
independent SRW (the walk observes w but does not depend on it). This
has generator

- 1
Lf(W)=g Y [fleow)—f(w)] (1.10)
Note that
L=yL (1.11)
where . Q - R is
1
w(w)=m (1.12)
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The path space measure of the IEP given w is denoted by P, and Fu:
B, uldw).
1.5. Reversible Measures for EP

Assume in addition to (1.2)

fw(om(dw)mo (1.13)

Proposition 1. Let u satisfy (1.2). Define x4 via

i () - #19) (1.14)

du M
where M:j w(0) u(dw). Then p, is reversible and ergodic for the EP.

Proof. See De Masi et al,"” Lemma 4.3. |
The reversibility of p, is equivalent to L being self-adjoint on L*(y,).

1.6. A Feynman-Kac Formula

The following proposition relates expectations for the EP with
generator L to expectations for the IEP with generator , and is based on

(1.11) and (1.12).
Proposition 2. For all A>0, fe L*(u,) and p-as. all w

r die "E, f(W))

0

=r At <exp [—/: j’ds Ws(())} W,(0) f( W,)) (1.15)
0

0

Proof. The Lhs. of (1.15) equals (A— L)™' f(w). Via (1.11)
p-n s =(2-1) (2)m
-]y e[ = (G-1)](5) 0

= Y S N~
=| dtE,|e —| ds=(W,) il =) (W, 1.16
ot (o[ [ agomg)ma) o
where the last equality follows from the Feynman-Kac formula. Substitute
(1.12) in (1.16) to obtain (1.15). |
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1.7. Mean Square Displacement

For x e Z write x*> = |x|? with |-| the Euclidean norm.

Proposition 3. For all u satisfying (1.2):

(i) X?—{odsw '(X,)is a martingale w.r.t. the canonical filtration
6(X,:0<s <) for p-as. all w.

(il) 4, =ME,([w='(0)~M"'I[w '(X,)—M ']).
(iii) - 4, is completely monotonic.

iv) There exists a nondecreasing right-continuous function a(y) on
)

(
[0, o0) with «(0)=0 such that

A,sze’"” da(y) (1.17)

Proof. (i) Let f(x)= x> Fix w. Compute

(LX) =w"' 02" Y [(x+e)=x*T=w""(x)

eeSy

Then use that f(X,)—f(XO)wj(’) dsL,f(X,) is a martingale because
{X,:1=0} is Markov with generator L, (ref. 9, Section L.5).

(ii) From (i) and (1.14) follows
Ell(sz_M_lt)zEu <Jﬁ ds [Wl(Xs)"M1]>
4]
= ME, (j'dswl(onw*‘(wa-lJ)
0

~ ME,, <j ds [w“(O)—M‘][w”l(Xs)—M“]> (1.18)

where the last equality uses that yu, is stationary for the EP (Proposition 1)
and E, w='(0)=M""
(iii) Note that by (ii)

M~4,={p,S(t) 0> (1.19)

where @(w)=w 10)—M~", (., -> is the inner product over L?*(u,),
and {S(7):t>0} is the semigroup of the EP on L*(y,) [recall (1.7)]. By
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reversibility of u, (Proposition 1) the semigroup is self-adjoint and — L is
self-adjoint and nonnegative. Hence

d n
() <o se>= o5 0>
S ICLP S e (1.20)

(iv) This follows immediately from (1.19) and the spectral theorem
for self-adjoint operators (see also ref. 14, Theorem 12 A). Because the EP
is ergodic, — L has a simple eigenvalue zero with corresponding eigenspace
the constant functions. Since (¢, 1> =E, ¢ =0, it follows that there is no
contribution to (1.17) from y=0. ||

Proposition 3(iv) will be important later when we apply a Tauberian
theorem for Stieltjes transforms.

As a final preliminary, we use Proposition 2 to get an identity which
relates the Laplace transform of (d/dt) E,, X ? to the local times of the SRW
introduced in Section 1.2. Let

l,(x)=J0 dslig_.,  (:20,xeZ9 (121)

ie., the amount of time spent at site x up to time ¢ by SRW.

Proposition 4. For 1>0 and p-as. all w

jw e~ dE, X =j: i <exp [—z S 1,(x) W(X)D (1.22)

Proof. By Proposition 3(i) and Proposition2 with f(w)=w"'(0)
[recall also (1.7)]

j oM dE,, X% =J dt ev}.tEw( er(()))
0

=j0°° aE, <exp [-,1 jo ds WS(O):D

- wdtfi?(exp[—ft j'dswu?s)]) (1.23)

0 0

Note that E, w=*0)=M 'E,w '(0)< oo by (1.2)(ii), hence fe L*(u,).
Now write

[[asw(X)=F L) wix) 1 (1.24)
0

X



740 Den Hollander et al.

2. HEURISTIC DERIVATION OF LONG-TIME TAILS

In this section we give a sketch of how to derive the asymptotic
behavior of (d/dt)E,X? for t— oo by analyzing its Laplace transform
(1.22) for A — 0. The full proof will be given in Sections 3 and 4. From now
on we assume that

(i) wisiid.
(i) fw"(O)y(dw)<oo (2.1)
(i) jWZ(O)p(dw)mo

and abbreviate
M= [ w(0) u(dw)
(2.2)
V2= [ [w(0)— M1* ldw)

We start from Proposition 4. Using the identity >, /,(x) =1t, we make
a formal expansion of the r.h.s. of (1.22) for small A as follows:

X

J’ e~ dE, X?

0

=FC dr e *ME <exp {—ZZ L(x)[w(x) —M]})
0 R

=j°° dt e =M {1 —AY Bl (x)[w(x)— M]
0 X

+ 547 Y E(L(x) L(»)w(x) = M1 [w(y) — M]— } (23)

At this point we do not worry about technicalities, such as the smallness
of the expansion parameter. These will be handled later. The leading order
term in (2.3) is
o ; 1
die "™M=— 24
fo ¢ AM (24)
and reflects

E X =M1+ ... (2.5)
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which corresponds to the well-known result for the diffusion constant

1 {
lim —~E,X?= lim —f GSE.W '0)=M"'  pas.  (26)
4]

t— 0 = o

If we subtract the leading order term in (2.3) and interchange the
expansion with the integration, then we obtain

j e M dE (X2 — M~ '1)
4]

— 2 f die S Bl (x)[wix)— M]

o]

X

F407 [ dre Y (L) L) Dw(x) — MIDwly) — M)

0

x, ¥

— (2.7)

We now distinguish two cases:

2.1. Fixed Environment

Via the identity El,(x)zj(’) ds p,(0, x) [recall (1.5) and (1.21}] the
leading order term in (2.7) may be rewritten as

f: dre” "¢ (w) (2.8)
where
¢ w)= _MLE Y. Pyl 0, x)[w(x) — M] (2.9)
This suggests that '
4,~&(w) (- o) (2.10)

To see what the order of magnitude of £,(w) is, let us compute its variance
under u. Using the ii.d. property of u and (2.2), this gives

VZ

E#ff(w)z 4ZP3/M(O7X)

M*
2

= W D210, 0)

~Citm " (1> ) (2.11)
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where C,=C,(M, V,d)>0 is computable via the local limit theorem for
SRW. Hence &,(w) is of the order ¢~ %% Together with the structure of
(2.9), this in turn suggests that we have a functional limit theorem

lim t9%¢ (w)=2Z, (s>0) (2.12)
with {Z,:5>0} some Gaussian process. The combination of (2.10) and
(2.12) yields (0.14) in Theorem 2 of the Introduction. In Section 4 we give
the proof of the heuristic steps and identify the covariance structure of
{Z,:5s>0}. To handle the technicalities, it will be necessary to assume
conditions (i) and (ii) in Theorem 2.

2.2. Averaged Environment

If we average over w in (2.7) under p, then the first term drops out and
the leading order term becomes

222 " dr e Y B x) (2.13)
0 Ry

where we use again the iid. property of p and (2.2). Via the identity
> El2(x)=2[4ds (1—s) p,(0,0), the latter may be rewritten as

j dt e, (2.14)
0
where
V2
=73 Puml(0,0) (2.15)
This suggests that
4,~{  (t— o) (2.16)
Since
(i~ Cot™ 2 (t—> o) (2.17)

C,=C,(M, V,d)>0, (2.16) implies the result of Theorem 1 in the
Introduction. In Section 3 we give the complete proof.

In order to make the above calculations rigorous, we have to prove
two facts:

A. The A-expansion (2.3) makes sense, i.e., 4 Y, [, (x)[w(x)— M] is
small for typical w and for relevant r as A — 0.
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B. The asymptotic behavior of (d/dt) E(X?— M 't) as t — oo can -
be deduced from the A— 0 behavior of the expansion, ie., a Tauberian
argument can be given to conclude (2.10) and (2.16).

3. PROOF OF THEOREM 1

3.1. Large-Deviation Estimate for Local Times

The following lemmas will be instrumental in settling problem A at the
end of Section 2.

Lemma 1. For all (0, 1/2) there exist X, K> 0 such that

B(sup [(x)> 12+ < Re X" forall >0 (3.1)

Proof. Fix d€(0,1/2). Let {Y,:neN} (Y,=0) be SRW in discrete
time [with transition probabilities defined in (1.6)]. We use the same
symbol P to denote its path space measure. Define its local times

Lx)=Y 1y, _n (neN,xeZ9) (3.2)
m=0

First we prove that there exists K, € (0, c0) such that
P(sup L(x)>n"2+92y<(n+1)e 5" forall neN  (3.3)

Indeed, let h(n)=|n'?*%2 ], with | - | the greatest integer function.
Then the Lh.s. of (3.3) is bounded above by

P(sup L,(x)> h(n))

< Y PL(Y)>hn),Y,# Y for0<j<i)

0<ign

<(n+1) P(L,(0)> h(n)) (34)

Let p, (k= 1) denote the time at which Y, returns to the origin for the £th
time. By the Markov inequality

B(L,(0) > h(n)) = P(p, <n) ;
< inf (e"(Ee—¢P1)n) (3.5)
&>0 .
because p, is a sum of k independent copies of p,. The fol‘lowingb identity
is standard (ref. 10, Proposition 1.2):

Be-tr=1-G (e 9 (3.6)

822/69/3-4-19
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where
G(z)= Y z2"P(Y,=0) (3.7)
n=0

Since for any d > 1 there exists 4, >0 such that B(Y,=0)< A,n " for all
n (ref. 10, Proposition 7.6), we have from (3.6) and (3.7)

Eefrge " forall >0 andsome A,>0 (3.8)

Now take &= [A,h(n)/2n]?, the value where the bound (3.5) attains its
infimum after substitution of (3.8). This gives

P(L,(0) > h(n)) Sexp[ — A3h*(n)/4n]

Substitution into (3.4) yields (3.3). Next we note that

L (x)

L)< Y ) (39)

k=90

where N, =max{jeN: Y ,.;7,<t} is the number of steps of SRW in
continuous time prior to time ¢, t; is the 7th waiting time, and 7,(x) is the
kth waiting at x. Note that 7, and the 7,(x) are i.i.d. exponential with mean
1 (and that {10<i<N,}={5(x)xeZ’ 0<k<Ly(x)}) Hence

P(S\_{_p L(x)> ") < P(N, > [ 2t ]) + P(sup L5, (x)>| 20 )27
+ P(t,> [ 497 | for some 0 < i< [ 21 ]))
Se g e of K (3.10)

The second term in the rhs. comes from (3.3). The other terms are
standard estimates. |

The following lemma derives from Lemma 1 and will be important in
the sequel. Define the event

A, 0s= {sup [(x) L7202 (3.11)

Lemma 2. For a>0, 6e(0,1/2), and re [0, 17*]
P(AS, ) SP(AS., , )< Re 877 (3.12)

[N

Proof. Straightforward from Lemma 1. |}
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3.2. A-Expansion for Truncated Laplace Integral

Start from Proposition 4 and average (1.22) over u using the iid.
property

[ eean 0 [ 4 ] -]
0 0 x

= j  dr e, <[1 r(u,(x))> (3.13)

0

where

(€)= =09 yiagy)  (£20) (3.14)

In Lemma 3 below we show that there exists « > 1 such that if the integral
in the r.hss. of (3.13) is restricted to te [0, A~*], then it can be expanded
for small 4. In Section 3.3 (Lemmas 4 and 5 below) we show that the
remaining part of the integral is negligible.

Lemma 3. For ae(0,4/3) and & > 0 sufficiently small
2—1

j dte M | (ﬂ r(u,(x))>

0 X

= jra dt e =M {1 + 32721+ 0(1)]Y Elf(x)} +0(e™ )

(3.15)

Proof. By Lemma 2, and the fact that the integrand in the Lh.s. of
(3.15) is at most 1 [recall (3.13)],

L}_,a e <1:[ r(),l,(x))>

—z

oA

[ are (n F((x))

A,,M,5> +0(e™*™")  (3.16)

On the event 4, , 5
A (x) AL 029) forall x and re[0,A7%] (317)
Hence, if

1—a(l+8)>0 (3.18)
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then we can expand I” in (3.14) using (2.2) to obtain
TOL(x)=1+32V212(x)[1 +o(1)] (A—0) (3.19)

where the o(1) tends to zero as A— 0 uniformly in x and re [0, A7*].
It follows that

B (1 7G| A

=E<exp {%12V2[1+0(1)] Zlf(x)} A,J,u,(,> (3.20)

Next use >, /,(x) =1 to note that on the event 4, , , ; with e [0, A7*]

22Y 12(x) < A%t sup 1, (x) < A2+ 9) (3.21)

Hence, if
2—a(34+6)>0 (3.22)
then we can expand the exponential in the r.hs. of (3.20) to prove the

claim. The restrictions (3.18) and (3.22) can be met by picking a € (0, 4/3)
and J > 0 sufficiently small. §

3.3. Remaining Part of Laplace Integral

For reasons that will become clear along the way, we split the
remaining integration interval (A~%, o0) into two parts, namely (A7 A7)
and (1~*, o), where $>2. In Lemmas 4 and 5 below we show that both
parts have a negligible contribution to the integral of the r.hs. of (3.13) as
A—0.

Lemma 4. For ae(1,4/3), B> a, and é > 0 sufficiently small
- = _ _ _ 2
j dte"™E (H F(Al,(x))>=0((/1 F—i7%e ) (3.23)
e x

Proof. First note that the integrand in (3.23) is decreasing in ¢
[recall (3.13)]. Therefore the integral can be bounded above by A=F—1"*



Long-Time Tails in a Random Diffusion Model 747

times the value of the integrand at = 1~" Next note that at t=1"> we
can use Lemma 2 and (3.20)-(3.22) to estimate

e ME (]_[ F(il,(x)))

<e B (exp {17V201 4+ o] T | s )+ P
=e ML+ o()]+ 0 1 (3.24)

Lemma 5. For f>2

j (die™ R (H T(AL(x) )) = O(e—*""7" (3.25)
A
Proof. Return to (3.2) and (3.9). First note that
Lyfx)—1
L(x)z ) wlx) (3.26)
k=0
Hence
e~ M <[1 T(A,(x)) )
( [ )Zl x)wx)]' thj>+0(e")
- LL!/ZJ(X)*l
<E (exp [ Y lx) w(x):|> +0(e™)
x k=0
=E (1—[ 1(4, Ll_t/ZJ(x))> +0(e™) (3.27)
where
1 14
10, )= j (m) wdw)  (leN) (3.28)

In (3.27) we use that the w(x) are i.i.d. under u and that the 7,(x) are iid.
exponential with mean 1 independent of the w(x).
Next, for >0 estimate

liuso
1, 1) < u(w(0) <) + p(w(0) > ¢) (1 - ls) - (3.29)
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Since u(w(0)<g)—>0 as ¢ — 0, it follows that for ¢ small enough (and all
A with A< 1)

I(A, 1) S e~ WD Bl (3.30)
Hence
[THA, L, ()< e~ (W2 AeRin, (3.31)
with
R,=Y Lino=0) (3.32)

the range of discrete-time SRW after  steps. Since

n+1=3 L,(x)<R,supL,(x) (3.33)

it follows from (3.3) that
B(R,<n'> )< (n+1)e X" (3.34)
Finally, by combining (3.27), (3.31), and (3.34), we get

exp(—AM1) E (n r(il,(x)))

<O(e™) +exp(—Lagl L1 |V2—%2)
+(Lit ]+ V) exp(—K L 419 (3.35)

If we now pick & = (f —2)/3f and integrate (3.35) over te (4 *, o), then
the claim follows. |

3.4. Spectral Representation and Tauberian Theorem

At this point we have solved problem A at the end of Section 2 for the
case of averaged environment. That is to say, by combining (3.13) with
Lemmas 3-5 we have proved

j e~MdE (X2~ M)

0

—L2V2[1 +o(1)] jw dt e Y BI2(x) (3.36)
0 X
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which corresponds to (2.13). To be able to conclude (2.16), we must also
solve problem B. In other words, from the asymptotic behavior of the r.h.s.
of (3.36) as 4 — 0, computable via (2.14) and (2.15), we want to prove
(2.16) and (2.17) via a Tauberian theorem.

The application of Tauberian arguments usually requires some kind of
regularity. In our case this regularity comes from Proposition 3(iv), which
allows us to proceed as follows. Abbreviate the Lh.s. of (3.36) as

H(3) = fw e M dE, (X2~ M~'1) (3.37)
0
Substitution of (1.17) gives
© 1
H() = d 3.38
W=] 3% (3:38)

ie., H(A) is the Stieltjes transform of the positive measure do(y). The main
step in finishing the proof of Theorem 1 is the following proposition, which
identifies a(y) for y — 0.

Proposition 5. Ind>1

d

dj2 1
(X('}’) ~ Vsz/27 3 (ﬂ)

———-——F(d/z 1) yd/z (y—0) (3.39)

27
The proof is given in Section 3.5 below. Substitution of (3.39) into
(1.17) yields (0.12) in Theorem 1 via a standard Abelian theorem (ref. 14,
Theorem VIIL.2.1).
For the proof of Proposition5 we need the following Tauberian
theorem for Stieltjes transforms.

Tauberian Theorem. Let m>0 and let a(y) be a nondecreasing
right-continuous function on [0, o0) with «(0) =0. Assume that

1
(A+y)"

fia=[" da(y) (3.40)

converges for A>0. Then for any 4 >0 and 0<x <m the following are
equivalent:

4 I'(m)
I(k+1) I'(m—x)

J(A)~AA—m (21-0)

a(y) ~ " (y—0)

(3.41)

Proof. See ref. 1, Theorem 1.74. |
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3.5. Proof of Proposition 5
The r.h.s. of (3.36) may be rewritten as in (2.13)—(2.15). This gives

2

H(A)=% [1+0(1)] G(AM) (4—-0) (3.42)
wheré
G(3) = jow diep(0,0)  (1>0) (3.43)
In d=1 the local limit theorem for SRW (ref. 10, Proposition 7.9) reads

1

and hence by the standard Abelian theorem

e~ (L) r(Ni-2 oo 345
W~(5) (3 (i ~0) (3.45)

By combining (3.38), (3.42), and (3.45) with the Tauberian theorem for
m=1, k=1/2, and 4 =V>M~>?(1/2n)"*> I'(1/2), we find (3.39) in d=1.

In d>2 we cannot apply the Tauberian theorem directly because G(1)
does not have a power law singularity. However, by the local limit theorem
for SRW such a singularity occurs in the higher derivatives

a\’ d\"* dj2—1—p d
afann ) o e (ot

(3.46)

Therefore, recalling (3.42), we have to consider (d/dA)? H(A) with
p>dj2— 1. The rest of the proof uses the following two facts:

d\* V2 d\”?
(d_,l) Hu“m[”"(l)](ﬁ) GUM)  (p=0,i-0) (347)
d 4 © 1

(_d_,l> HO)~T(p+1) | Trae) (0202500 (4)

The second is immediate from (3.38). The first follows from (3.42) and the
observation that the differentiation w.r.t. A may be interchanged with the
A-expansion in (2.3). This technical point is not entirely trivial, but can be
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checked by a straightforward application of the exponential estimates in
Lemmas 3-5. We refer the reader to the proof of Lemma 10 in Section 4.4
for more details.

By combining (3.46)—(3.48) with the Tauberian theorem for m=
p+1>d/2, k=d/2, and

d dj2 d J
A=V2M"/23<Z> F<p+1—5>/1"(1?+1)

we find (3.39).

4. PROOF OF THEOREM 2

4.1. Two Main Propositions

For fixed environment w our quantity of interest

4= 2B M) (1)

d

is no longer a completely monotonic function of f. It therefore has no
spectral representation as in (1.17), and consequently its Laplace transform
cannot be written as the Stieltjes transform of a positive measure as in
(3.38). This implies that we cannot use the Tauberian theorem, which
played such a crucial role in solving problem B at the end of Section 2 for
the averaged environment.

The way out is to consider complex 2 and to do the Laplace inversion
by hand for ¢ — co. The computations involve some technical estimates, for
which we need the following restrictions on u supplementary to (2.1):

(1) pw0)za)=1 forsome a>0

(4.2)
(ii) J e*"® u(dw) < oo for ¢ in a neighborhood of 0
Recall the random variable &,(w) defined in (2.9),
1
Sw) = —WZP,/M(O, x)w(x)—M] (4.3)

The main obstacle in proving Theorem 2 is to prove (2.10), or, more
precisely:
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Proposition 6. Ind>1

lim (%*[4,(w)—&,(w)]=0  in u-probability (4.4)
= 0

The proof is given in Sections 4.2-4.5.

Once we have Proposition 6 it remains to prove the functional central
limit theorem for &,(w). This is a rather easy task, because the p, (0, x)
satisfy the local limit theorem for SRW and the w(x) are iid. with finite
second moment. The result is:

Proposition 7. Ind>1

lim t¥*¢ (w)=2Z, weaklyon D([e, 00),R) forall ¢>0  (4.5)

1 — 0

where D([e, «0), R) is the Skorokhod path space and {Z :5>0} is the
Gaussian process with

EZ,=0

J (4.6)

EZ 7 — V2iMI2—4 (_)d/z 1

2n)  (r+s)%?

The proof is given in Section 4.6. Propositions 6 and 7 yield Theorem 2.

4.2. Laplace Inversion
Define

H(A, w)=j°° dte A (w)
° 4.7)
G( w) =] dre="¢ ()

From the inversion formula for the Laplace transform we have that for any
tz0and p=0

d y4
ria == die (= 2) TG wW=Glw]  @43)

where C,={i=x+iy: yeR} (x>0) is any vertical line in the complex
right half-plane C,. We shall pick x =t~ and show the following:
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Lemma 6. For p sufficiently large

P
lim (¥4-# j die* (— d%) [H(4, w)—G(4, w)]=0  in u-probability
t— Ci—1
(4.9)

Equations (4.8) and (4.9) yield (4.4) in Proposition 6.

The starting point of our computation is the representation in (1.22),
which still holds for Ae C . by analytic continuation. The idea will be to
split C,-: into two parts, namely

Cri={i=t""+ip:lyI<r7) (Ge(@1) . (410)

and C,-\C?.., and to show that (4.9) holds for each part separately. In
Section 44 we deal with C?_, using truncation and l-expansion of the
Laplace integrals in (4.7) analogous to Sections 3.2 and 3.3 (Lemmas 811
below). In Section4.5 we deal with C,-:\C’-, using certain resolvent
estimates for the EP and the IEP (Lemma 12 below).

In Section4.3 we first prove a large-deviation lemma (Lemma 7
below) needed for the A-expansion, ie., problem A at the end of Section 2.

4.3. Large-Deviation Estimate for A}, /,(x)[w(x) - M]

Abbreviate
U, =2 1(x)[w(x)— M] (4.11)
From (4.3) and E/,(x) =& ds p,(0, x) follows
%EU,z —M?¢,.,(w) (4.12)

Consider the event 4, ; , s defined in (3.11) with A replaced by |4|.
Lemma 2 continues to hold with this replacement.

Lemma 7. For ae(0,4/3) and J, ¢ >0 sufficiently small

sup P, <|/1U,I > |A]°

Az,wa,a) =0 "7)  (A-0) (413)

Proof. Fix te[0, |A]~*]. We first prove the estimate in the upper
direction. By the Markov inequality and by the iid. property of u

Al, Ill,a,5>

<e VIR (H 041~ (x))

Pu<u| U,> A"

At!|i|:a§6> (4.14)
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where
6(¢) = [ fr =4 (ahw) (4.15)

which exists for & sufficiently small by (4.2)(ii). On the event 4, ;. s
A2 L (x) < |4 22 forall x (4.16)
and so if
1—2e—a(3+6)>0 4.17)
then we can expand in (4.15)
QA =2 1(x)) =1+ 372 AP~ * 12(x)[1 +o(1)]
=exp{3V? 141> * }(x)[1+0(1)]} (4.18)

where the o(1) tends to zero as |A] — 0 uniformly in x and in te [0, |4] ~*].
Substitution into (4.14) gives

At, |}.|,a¢,5>

<e VR (exp {%VZ 12~ *[1+o(1)] Y lf(x)}

Pﬂ(w U, > [4°

A,,W,a,a) (4.19)

Now note that on the event 4, ,; because 3 . /(x)=t and
re [0, 14] 7],

Y IHx)<tsup I(x) <[4 72CRTD (4.20)

X

It follows that if
2—4e—a(3+08)> —¢ (4.21)
then

F’H(|A| U,> |3)°

Az,|/1|,m,5) =0(e”™M7) (4.22)

The restrictions (4.17) and (4.21) can be met by picking « € (0, 4/3) and
3, £ > 0 sufficiently small.

This proves the estimate in (4.13) in the upper direction. The lower
direction is analogous [change from w(x)— M to M —w(x)]. |
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4.4. Estimates for CY_,

In this section we prove (4.9) in Lemma 6 for the integral restricted to
A€ ", (Lemmas 8-11 below). Lemmas 2 and 7 will play a crucial role in
handling problem A, ie., in showing that the i-expansion is valid for
the integral in (2.3) after truncation. Qur starting point is the following
relation, which follows from (1.22), (4.1), (4.7), and (4.11):

1 o ~
g HU W)= L ds e~ M~ AU (4.23)
Define the event

B, .= {IAU,] <)41°} (4.24)

Lemma 8. For ae(l,4/3), ye(1/a, 1), e>0 sufficiently small, and
Ae C¥—1

JA|—% ~
J ds e *MsFe s
0

141 . .
=7 dse ME((e ) 15,,,,) + Oy )
. m

1 o0 A 1 -
= 1 —AiMs ~ 12 2
1M+G(/1,w)+[ +0,(1)] fo dse 21 EU?

+0,e M) +0, ") (1> o) {4.25)

Proof. The first equality follows by combining Lemmas 2 and 7,
together with the fact that the integrand has modulus <1 (pick & < 1« in
Lemma 2). The second equality follows by expanding the exponential up to
order A’ and afterward extending the integral to se [0, co). The latter
introduces an additional error with modulus of order exp(—¢~'M |A| =*) =
O(exp(—1t*~')), because Re A=7"" and |A|~¢" (t—> ) on Cl... Use
that via (4.7) and (4.12)

G, w)= | dse iR, (4.26)
70

which explains why this term appears as the first-order term in the
expansion. |

Lemma 9. Fora>1,ye(l/a, 1), and p20
sup

jw ds <_ i)p (e—AMsEefiUs)
et e di

=0,y  (t—> o) (4.27)
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Proof. Abbreviate
V=Y l(x) w(x)=U,+ Ms (4.28)
Fix e C?...

First consider p =0. Since Re A=¢""1, w(x) >a for all x [by (4.2)(i)],
and > L(x)=s, it follows that

© o~
f ds Fe=*s
|4]=*

<j dse e (4.29)
|4]~2

Since |A| < (¢t~ 241~ 2)Y2<2¢77 for ¢ sufficiently large, the r.h.s. of (4.29) is
bounded above by the same integral over se [27%*, oo). This proves the
claim.

Next consider p = 1. For fixed s estimate

e

= [ 1B((V.)7 e =) u(aw)

pldw)

< [ LRV (E e 1) u(dw)

<C,sPe” (4.30)

In the first step we interchange the p-fold differentiation with the expecta-
tion, which is allowed by dominated convergence. In the second step we
use Cauchy-Schwarz. In the final step, we use that w(x)>a for all x
and that all moments of w(x) are finite [recall (4.2)]. From (4.30) after
integration over se [|4] =% o) the claim follows. |}

Lemma 10. Forall p>0and AeCl.,

<_ di‘;)p [H(, w)— G, w)]

=[1+0,(1)] (— 5%),, (f:o ds e*lMS%ﬁEUQ (4.31)

Proof. For p=0 the claim follows by combining (4.23) with
Lemmas 8 and 9. To get p > 1, first use (4.23) to write [recall (4.28)]

(= 2 [ tm ][ (- ) B

= [ dsa—rEr, v (432)
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where f,(x) = xPe™*. As before, split the integration interval in the r.h.s. of
(4.32) into two parts, namely [0, |A] ~*] and (}4]| =%, o0), where a € (1, 4/3).
The integral over (|4] % o0) is of O, (exp(—¢*~')) by Lemma 9 and so
can be absorbed in the 0,(1) term in (4.31). Recalling Lemmas 2, 7, and 8,
we can insert the indicator of the event B ; . in (4.24) under the integral
over [0, |A| ~*], making an error of O,(exp(—|4| %))+ O, (exp(—17~1)).
After that we can expand the function f, around x = AMs, recalling (4.28).
It is easy to see that by this procedure we obtain an expansion of the Lh.s.
of (4.32) which exactly coincides with the expansion that we would have
obtained had we simply interchanged (—d/dA)” and the A-expansion in
(2.3). Therefore we indeed conclude (4.31). |

Lemma 11. For d=1, y>1—4d/12, and p sufficiently large

d\? = S
Ar I —AMs _ 22 2
Lrild)ve |:< dl) L ds e 2/1 EUI:I

in p-probability (4.33)

d/4—p

im ¢ =0

1= w0

Proof. First compute

p
( B di/l) Moo= (Ms)P =2 e~ [ (AMs)’ —2pAMs + p(p—1)]  (4.34)

Since A€ C'_i, we have for ¢ large enough

d i 2, —iMs
‘(—d}) Ae

Next use the identity

SC(sPt 2452717 4577 2) o™ M (4.35)

E,BU=V?Y Bi2(x) =212 j dr (s—r) p,(0,0) dr
- 0

to estimate

d\? (= —}.Msl 25772
fu(dw)’(—dl) fo ds e~ 2RU?

<2C,V? JOO ds (sPt=2 +s2 7+ 5777
0
xe™ ¥ ["dr (s—r) p,(0,0)
0

d
=07~ i 34p—5=2>0 (1>m) (436)
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The last step in (4.36) uses the Abelian theorem for Laplace transforms
(ref. 14, Theorem VIIL2.1) and the fact that p,(0,0)= O(r~%?) as r — co.
Finally, from (4.36), |C?_;| = O(¢~") and the fact that |e”| <e for 1e C?_y,

we conclude
td/“"pjﬂ(dW) j dA e“(-— i>pro ds e“MsllszUz
o/ dl 0 2 s

=037y (1o ) (4.37)

So if y> 1 —d/12, then (4.33) follows in L'(x). |

4.5. Estimates for C,-:\C}-

In this section we prove (4.9) in Lemma 6 for the integral restricted to
LeC,\C'_,.

Lemma 12. For p>0 and y<1—d/dp

lim (¥4-»

t— 0

di e* (— %)I) [H(Z, w)—G(4, w)]|=0

L e C,-I\Cl—1
in p-probability (4.38)

Proof. We shall show that
d )"’
—— ) HA,w
( di ( ) LZ(IJ-O)

(-2 s

Since |e*| =e for Ae C,-1 and since u is absolutely continuous w.r.t. u,,
with bounded Radon~Nikodym derivative, (4.39) implies

|

A

<CllmA|=?~!'  forall p (4.39)

L)

P
di e* <— -d—> [H(A, w)—G(4, w)]
e C-N\Cl-1 dAi

=0,([Z @) =oum (440

which implies the claim when d/4 — p—yp <O.
To prove (4.39), we first note that by (1.7)-(1.10) and the first line of
(1.23)
H(i, w)=(A—L)"" p(w), pw)=w=H0)=M"*
1 (4.41)
G(A, w)=(UM—L) " k(w),  x(w)= — 32 0 —MT
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where we also recall (4.1), (4.3), and (4.7). This gives, since —L is
self-adjoint and nonnegative on L*(u,),

1 d\?

E<“ az) HOW
={(A=L)y " "o,(A=L)y "1 o>
=<, [(A*—L)A—-L)] "' o>

2

= LT ) (442)

where the last equality follows from the spectral theorem, ie., du,(y) is a
positive measure with support in [0, oo} depending on ¢. The importance
of the last representation is that we can substitute (A* +7)(A+7)>|Im 1|

to obtain
1 d\?
<—<— —) H(, w)

| p! dA

2

L)

< |Im 4| 2P+ jo do,(s)=Tm A| 727+ D ||| iz(uo) (4.43)

Finally use that
l@l220y=M'E,[w=(0)—M '] <0

by (2.1)(ii). The same argument works for the second term in the lh.s.
of (4.39). Use that ||K||iz(#)=V2/M4<OO by (2.1)(iii). Hence (4.39)
follows. |

Lemmas 10-12 prove Lemma 6, and thereby Proposition 6.

4.6. Proof of Proposition 7

In this section we prove the functional central limit theorem for &,(w)
announced in (4.5)-(4.6). We first formulate a lemma showing that in the
limit as ¢ — o0 we may replace p,(0, x) in (4.3) by its Gaussian limit

fi(x)= <i>d/2 e ¥ (4.44)

27t

Lemma 13. Ind>1

lim 1943 [p(0, x) = fi(x)][w(x) = M]=0 in L*y) (445)

> 00
X

uniformly on compact f-intervals.

822/69/3-4-20
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Proof. Compute, using the iid. property of g,
2
E, { (45 [ pof, ) — fo) 1w(x) — MJ}

= V29?2 Z [psz(oa x) —f“(x):lz

S[2+0(1)1V?sup [t9°p,(0, x) ~ f(x)]  (t—>0) (4.46)
The r.hs. tends to zero as ¢t — oo by the local limit theorem for SRW

(ref. 10, p. 77). 1

Lemma 13 shows that instead of t4%¢, it suffices to consider [recall

4.3)]
1
(e = = Y (T L D) —M] (447)
where we substitute f,,,,(x) =t~ (1~ "7x).
We shall now put the problem of the weak convergence of the latter

expression in the context of a central limit theorem for Schwarz distribu-
tions. Indeed, for ¢ > 0 let X%, be the random Schwarz functional defined by

X (D)= ed(ex)[w(x)— M], e SR (4.48)

The distribution of the random variable X%, is a probability measure P, on
the dual Schwarz space S*(R9). In this context the central limit theorem
reads (ref. 11, Section 3.1)

P,—yug weaklyas ¢—0 (4.49)

where g is the Gaussian measure on S*(RY) defined by its characteristic
function®

j uG(dcb*)exp(i((D*,<D>)=exp|:—%V2 f ¢(x)2dx] (4.50)
S"'(Rd) R4

with {(®*, &> = ¢*(P) the canonical pairing.

If we consider any one-parameter family of Schwarz functions
{®,:5>0}, then under ps the stochastic process {(P*, ®,>:5>0} is an
R-valued Gaussian process with covariance function given by®

[ heldd®) (o, @, 5¢0% 05 =1 [ @)@ x)dx  (451)
S"‘(Rd) RA
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N

ow return to (4.47) and apply the above formalism with

1
¢s: _—A?f:v/M (S>0)

(4.52)
g=1""?
Then we can conclude that
tEx 7z weaklyas 1o o0 (4.52)
where {Z,:5>0} is Gaussian with EZ,=0 and
VZ
E(Z,Z) =55 [ Fome) fua(x) dv
VZ
ZX/F (r+A‘)/M(O)
2 dM dj2
=Z%<m____) (4.54)
M\ 2n(r+s)

A

m
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